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A general formulation for a mathematical PEM fuel cell model
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Abstract

A general formulation for a comprehensive fuel cell model, based on the conservation principle is presented. The model formulation
includes the electro-chemical reactions, proton migration, and the mass transport of the gaseous reactants and liquid water. Additionally, the
model formulation can be applied to all regions of the PEM fuel cell: the bipolar plates, gas flow channels, electrode backing, catalyst, and
polymer electrolyte layers.

The model considers the PEM fuel cell to be composed of three phases: reactant gas, liquid water, and solid. These three phases can co-exist
within the gas flow channels, electrode backing, catalyst, and polymer electrolyte layers. The conservation of mass, momentum, species, and
e he phases as
i s a mixture.
T ation of H
a re size
o are used to
d

ses relative
t d
t ixture and
a conservative
f
©

K

1

t
s
o
j
f
r
o
q
r

ur-
ter-
ding

id in
ncy

ath-
ental
PEM
EM
ct on
ions
lec-
ions

sed by

0
d

nergy are applied to each phase, with the technique of volume averaging being used to incorporate the interactions between t
nterfacial source terms. In order to avoid problems arising from phase discontinuities, the gas and liquid phases are considered a
he momentum interactions between the fluid and solid phases are modeled by the Darcy-Forchheimer term. The electro-oxid2
nd CO, the reduction of O2, and the heterogeneous oxidation of H2 and CO are considered in the catalyst layers. Due to the small po
f the polymer electrolyte layer, the generalized Stefan–Maxwell equations, with the polymer considered as a diffusing species,
escribe species transport.
One consequence of considering the gas and liquid phases as a mixture is that expressions for the velocity of the individual pha

o the mixture must be developed. In the gas flow channels, the flow is assumed homogeneous, while the Darcy and Schlögl equations are use
o describe liquid water transport in the electrode backing and polymer electrolyte layers. Thus, two sets of equations, one for the m
nother for the solid phase, can be developed to describe the processes occurring within a PEM fuel cell. These equations are in a

orm, and can be solved using computational fluid dynamic techniques.
2004 Elsevier B.V. All rights reserved.
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. Introduction

The use of fossil fuel is a major source of air pollu-
ion and contributes to global warming. The transportation
ector is a major consumer of fossil fuel, thus eliminating
r reducing pollution from transportation sources is a ma-

or policy objective. Polymer electrolyte membrane (PEM)
uel cells convert the chemical energy of H2 and O2 di-
ectly into electrical energy, with water and heat as the
nly by-products. The low operating temperature allows for
uick start-up, and the high power density and mechanically
obust construction make PEM fuel cells an attractive re-
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placement for the internal combustion (I.C.) engine. C
rently, PEM fuel cells are not a commercially viable al
native to the I.C. engine; however, a greater understan
of the processes occurring within a PEM fuel cell can a
commercialization by providing power output and efficie
gains.

Insight on PEM fuel cells can be obtained through m
ematical modeling. Mathematical models use fundam
equations to simulate the processes occurring within a
fuel cell. Although several processes occur within a P
fuel cell, three key processes have the greatest impa
PEM fuel cell performance: the electro-chemical react
in the catalyst layers, proton migration in the polymer e
trolyte membrane layer, and mass transport within all reg
of the PEM fuel cell. These processes have been addres
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Nomenclature

a activity
A area (m2)
ÁR reactive area per volume (m−1)
b body force (N m−3)
bαi ratio of forward to backward reaction rate con-

stant (mole m−3 or m3 mole−1)
Bα Tafel slope (V)
c concentration (mole m−3)
D diffusion coefficient (m2 s−1)
D binary diffusion coefficient (m2 s−1)
E cell voltage (V)
F Forchheimer coefficient
F Faraday’s constant, 9.6485309×

104 C mole−1

g acceleration due to gravity (m s−2)
G Gibbs function (J kg−1)
h convective heat transfer coefficient

(W m−2 K−1)
H enthalpy (J kg−1)
I current (A)
J current density (A m−2)
J0 exchange current density (A m−2)
Jαk mass flux of speciesα due to molecular diffu-

sion (kg m−2 s−1)
kαi forward reaction rate constant (m s−1 or

mole m−2 s−1)
krk relative permeability of phasek
K permeability (m2)
Ke equilibrium constant for the acid-base reaction

in the polymer electrolyte
L water content of the polymer electrolyte
L

k correction applied to property
 for the porous

media structure
M̂ molecular weight (kg mole−1)
nkn unit normal of the interface between phasesk

andn
N molar flux (mole m−2 s−1)
P pressure (Pa)
Ṗ
α

production of speciesα (mole m−3 s−1)
P

H2O
sat vapor pressure of water (Pa)

q heat flux due to conduction and species diffu-
sion, W m−2

Qreact heat of reaction (W m−3)
qreact heat of reaction (W m−2)
r radius, m; interaction parameter for CO ad-

sorption (J mole−1)
R reaction rate (mole m−2 s−1)
R universal gas constant, 8.31451 J mole−1 K−1

sk saturation of phasek
S entropy (J kg−1 K−1)
Senergy source term in the conservation of energy equa-

tion (W m−3)

Smom source term in the conservation of momentum
equation (N m−3)

Sspecies source term in the conservation of species
equation (kg m−3 s−1)

t time (s)
T temperature (K)
u velocity (m s−1)
ukn velocity of the interface between phasesk and

n (m s−1)
V volume (m3)
w relative phase velocity (m s−1)
W mass flux (kg m−2 s−1)
xαk mole fraction of speciesα
zα charge of speciesα

Greek letters
β symmetry factor for the CO adsorp-

tion/desorption reaction
γαk activity coefficient of speciesα
ΓE,k interfacial source term for energy conservation

(J m−3 s−1)
ΓF,k interfacial source term for momentum conser-

vation (N m−3 s−1)
ΓM,k interfacial source term for mass conservation

(kg m−3 s−1)
Γ α

S,k interfacial source term for species conservation

(kg m−3 s−1)
εk volume fraction of phasek
η overpotential (V)
θc contact angle
θαs fraction of reaction sites covered by speciesα

κα,k electrical conductivity (S m−1)
λ thermal conductivity (W m−1 K−1)
µ viscosity (kg m−1 s−1)
µ̂α
k electro-chemical energy of speciesα

(J mole−1)
ρ density (kg m−3)
σ surface tension (N m−1)
τk viscous stress (N m−2)
Φ potential (V)
φ void fraction
ωα
k mass fraction of speciesα

Subscripts
a anode
c cathode; capillary
cell cell
e polymer electrolyte
g gas
i interface
l liquid
m mixture
ref reference value
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rev reversible
s solid

Superscripts
a anode
c cathode
e polymer electrolyte
eff effective value

Overbars
´ per unit volume (m−3)
¯ equilibrium value
˘ correction for dispersion
ˆ molar units

Operators
〈 〉 total-volume average
〈 〉∗ phase-volume average

mathematical models in the published literature, with varying
degrees of simplifications.

The hydrogen oxidation and oxygen reduction reactions in
the catalyst layers were modeled by Bernardi and Verbrugge
[1]. The model of Bernardi and Verbrugge[1] assumed that
the catalyst layer void regions were filled with polymer elec-
trolyte; other models allow for a void region filled with gas
[2] or a combination of gas, liquid and polymer electrolyte
[3]. If the hydrogen fuel contains CO, the hydrogen oxidation
reaction is inhibited, severely decreasing the efficiency and
power output of the PEM fuel cell. This CO-poisoning of the
anode was modeled by Wang and Savinell[4], using an em-
pirical correlation for coverage of CO on the anode catalyst
surface. Springer et al.[5] addressed CO-poisoning by us-
ing detailed reaction kinetics for the adsorption, desorption,
and electro-oxidation of hydrogen and carbon monoxide. The
most effective method of mitigating CO-poisoning is the in-
troduction of oxygen, with concentrations ranging from 1
to 4%, into the anode fuel stream; this is referred to as O2-
bleeding. The adsorption, desorption, electro-oxidation, and
heterogeneous oxidation of CO, hydrogen, and oxygen were
incorporated into a PEM fuel cell model by Baschuk and Li
[6].

Since the polymer electrolyte is permeable to water, pro-
ton migration is strongly coupled with water transport. Ver-
b the
p fied
p con-
d ell,
w iffer-
e l
c nc-
t em-
b dif-

fusion were also included within the model. However, the
model of Springer et al.[8] was one-dimensional, neglected
pressure-driven water transport and relied on an empirical
correlation for the conductivity of the membrane. Hence,
Thampan et al.[9] used the Dusty Gas Model and acid–
base equilibrium to formulate a model describing proton
conduction and water transport in the polymer electrolyte
membrane.

Both gas and liquid phases exist within the PEM fuel cell,
and the mass transport within each phase affects PEM fuel
cell performance. The gaseous reactants in the PEM fuel cell
must travel from the gas flow channels, through the porous
electrode backing layer, and into the catalyst layers. Gurau
et al.[10] developed a two-dimensional model that incorpo-
rated the reactant flow in the gas flow channels, electrode
backing layers, and catalyst layers of a PEM fuel cell. The
catalyst layer formulation was similar to that of Bernardi and
Verbrugge[1], and the polymer electrolyte layer formulation
was similar to that of Verbrugge and Hill[7]. Um et al.[11]
developed a model similar to that of Gurau et al.[10], but al-
lowed for the simulation of the transient operation of a PEM
fuel cell. Siegel et al.[12] also developed a two-dimensional
model, but considered the catalyst layer void regions to be
composed of gas and polymer electrolyte membrane. Addi-
tionally, proton migration and water transport in the polymer
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rugge and Hill[7] developed a mathematical model of
roton and water migration in the pores of a fully humidi
olymer electrolyte membrane. However, the protonic
uctivity is a function of the membrane hydration; as w
ater transport can be driven by water concentration d
ntials. Therefore, Springer et al.[8] developed a PEM fue
ell model in which the protonic conductivity was a fu
ion of membrane hydration. Water transport in the m
rane by the mechanisms of electro-osmotic drag and
lectrolyte membrane layer was incorporated through a
ulation similar to Springer et al.[8]. Complex gas flow

hannel designs require a three-dimensional model in
o accurately simulate the mass transport. Thus, the mod
urau et al.[10] and Um et al.[11] were extended into thre
imensions by Zhou and Liu[13] and Um and Wang[14],
espectively. Shimpalee et al.[15] used the commercial CF
oftware FLUENT to model a PEM fuel cell; the catal
ayers and polymer electrolyte membrane were incorpo
s boundary conditions. Heat transfer can be significan
EM fuel cell, especially for cells operating within a sta

hus Berning et al.[16] incorporated heat transfer into a thr
imensional PEM fuel cell model. The catalyst layers w
onsidered to be surfaces and modeled with boundary c
ions.

Water is produced in the cathode catalyst layer as a pr
f oxygen reduction. Due to the polymer electrolyte m
rane hydration requirements, the reactant streams typ
nter the PEM fuel cell fully humidified; hence the water p
uced in the cathode catalyst layer must exit the PEM fue

n liquid form. The two-phase flow in the cathode gas fl
hannel and electrode backing layer was considered by
t al. [17]. Using Darcy’s law and the Multi-phase Mixtu
odel (MMM) [18], liquid water transport in the electro
acking layer was expressed as a function of the cap
ressure and gravity. He et al.[19] used a two-fluid analysis
odel the liquid water transport in the cathode catalyst la

he liquid water velocity was assumed to be proportion
he gas velocity and liquid saturation gradient. Shimpale
l. [20] added liquid water transport to the model of Sh
alee et al.[15] by treating liquid water as a diffusing speci
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You and Liu[21] used a mixture formulation, similar to[18],
to add liquid water transport to the model of Gurau et al.[10].
Ferng et al.[22] modeled the two-phase flow in the cathode
gas flow channel and electrode backing layer by assuming
that the gas and liquid phases had the same velocity. The wet-
ting nature of the pores has a significant effect on the capillary
pressure, and thus on liquid water transport. Hence, Stockie
[23] simulated liquid water transport in the electrode back-
ing layer for both hydrophilic and hydrophobic wettabilities.
In addition, the water contact angle within the pores and the
porosity also affect the capillary pressure, and, correspond-
ingly, the liquid water transport. Therefore, Pasaogullari and
Wang[24,25]modeled liquid water transport in the electrode
backing layer for different contact angles, porosities, and
wettabilities.

The three key processes in a PEM fuel cell, the electro-
chemical reactions, proton migration, and mass transport,
are strongly coupled. However, the aforementioned models,
Refs.[1–25], either utilize a formulation that does not model
all three key processes in sufficient detail, or do not incor-
porate the entire PEM fuel cell within the model. Currently,
including all three key processes in a detailed manner is diffi-
cult, since no general formulation exists for a PEM fuel cell:
governing equations are currently derived for a specific layer
or process within the PEM fuel cell. Therefore, the objective
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Fig. 1. The processes occurring within a PEM fuel cell. The PEM fuel cell is
composed of the (a) bipolar plate, (b) gas flow channel, (c) electrode backing
layer, (d) catalyst layer, and (e) polymer electrolyte layer.

proximately 1 mm thick, while the entire bipolar plate has a
thickness of approximately 2 mm[26]. The main reactant on
the anode side of the PEM fuel cell is hydrogen. However,
if the hydrogen is formed from a hydrocarbon source, car-
bon dioxide and carbon monoxide can also be present. The
presence of carbon monoxide, in concentrations of greater
than 2 ppm, inhibits the oxidation of hydrogen in the anode
catalyst layer (CO-poisoning)[27]. Introducing oxygen, in
concentrations of 1–4%, into the anode gas stream can mit-
igate CO-poisoning (O2-bleeding[28]); hence oxygen and
nitrogen can be present in the anode gas flow channels. Oxy-
gen is the reactant on the cathode side of the cell, and nitro-
gen can be present if air is used as the oxidant. The polymer
electrolyte requires humidification; hence both the anode and
cathode streams are generally fully humidified.

In order to reach the catalyst layers, the reactants must pass
through the porous, electrode backing layers. Constructed of
carbon paper or cloth, the electrode backing layers are ap-
proximately 200�m in thickness[26]. The electrode backing
layers also allow liquid water to exit the catalyst layers and
enter the gas flow channels.

The conversion of the chemical energy of the reactants into
electrical energy, heat, and liquid water occurs in the catalyst
layers, which have a thickness of approximately 5�m [26].
The catalyst layers are also porous; reactant gas, liquid water,
a solid
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odel from which other future modeling simulation stud

an be carried out.
The physical problem of the PEM fuel cell is discuss

ith an emphasis placed on the processes occurring with
ell and the structure and nature of the flow in each layer
nput and output parameters for the model are chosen to
espond with the dependent and independent paramet
PEM fuel cell experimental investigation. Within the P

uel cell, several phases co-exist: gas, liquid, and solid.
nteractions between the gas, liquid and solid phases w
he PEM fuel cell are included using the technique of volu
veraging. The volume-averaged conservation equation
ly throughout the PEM fuel cell, with certain terms hav
nique forms in each layer of the PEM fuel cell. Since
as and liquid phases can be discontinuous within the

uel cell, a mixture approach is used whereby the gas
iquid are considered as a single, continuous pseudo-flu

ixture; conservation equations are then developed fo
seudo-fluid.

. Physical problem

A PEM fuel cell consists of several components, and
ral processes occur within each component, as illustra
ig. 1. The reactant gas streams enter the fuel cell thr

he gas flow channels, which are grooved into the bip
lates. For a single PEM fuel cell, the bipolar plates are
eferred to as flow distribution plates. The bipolar plates
ypically made of graphite; the gas flow channels are
nd polymer electrolyte occupy the void space and the
atrix consists of carbon-supported platinum catalyst. I

uel is CO-free, the overall reaction (Ra) in the anode cataly
ayer is hydrogen oxidation:

2 −→ 2H+ + 2e−. (1)

he polymer electrolyte is electronically insulative; hence
lectron produced by the above hydrogen oxidation mus
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through the electrode backing layer, bipolar plate, and the
external load. The proton in reaction(1) is transferred through
the polymer electrolyte and participates in the reduction of
oxygen in the cathode catalyst layer:

2H+ + 2e− + 1

2
O2 −→ H2O(l) . (2)

The combination of reactions(1) and (2)is the overall PEM
fuel cell reaction:

H2 + 1

2
O2 −→ H2O(l) + heat+ electrical energy. (3)

The heat produced by the electro-chemical reactions must
exit the PEM fuel cell. The heat can be transported through
conduction in the solid phase of the electrode backing layers
and bipolar plates, or through convection and conduction in
the fluid phases.

The polymer electrolyte layer consists of a sulfonated fluo-
ropolymer, which is similar to Teflon. The fluorinated carbon
chains terminate in SO3H groups, which when in contact with
water, dissociate into SO3− and H3O+ ions. The presence of
the hydronium ions allow the sulfonated fluoropolymer to act
as an electrolyte; the protons produced in the anode catalyst
layer can be conducted through the membrane in order to
react in the cathode catalyst layer. The electrolyte is perme-
able to reactant gases and water, although the permeability
t l. The
p ater
c fica-
t event
e lec-
t t
p s is
N

e, as
s ally
e ult,
t ined

within the gas flow channels as small liquid droplets.
Two-phase, porous media flow occurs within the electrode
backing layers, with the liquid water being driven by capil-
lary pressure. The electrode backing layer is manufactured
such that there is a mix of hydrophobic and hydrophilic
pores.

The transport of water, protons, and reactant gas in the
polymer electrolyte can be explained by the ionic cluster
model of Gierke and Hsu[30]. In the presence of water, the
Nafion membrane is composed of three regions[31]. Liquid
water and hydronium ions are contained within clusters that
have a diameter of approximately 4 nm[30]. Channels inter-
connect the clusters, with the channels having a diameter of
approximately 1 nm[30]. Both the channels and the clusters
are lined with immobile sulfonate ions. Between the clus-
ters and the rigid, hydrophobic backbone of the polymer, ex-
ists the amorphous part of the perfluorinated backbone. This
hydrophobic region is permeable to gases, thus transport of
reactant gas occurs in this region.

The flow characteristics in the catalyst layer are a combi-
nation of the flow in the electrode backing layers and poly-
mer electrolyte layer. Two-phase, porous media flow occurs
in the electrolyte-free void space, while liquid water and re-
actant gas are also transported within the electrolyte. Electro-
chemical reactions occur at the catalyst/electrolyte interface,
t de cat-
a

3

cell
m ation
i EM
f t plot.
W ions
c

flow in
o reactant gases is low and reactant cross-over is smal
rotonic conductivity of the membrane decreases if the w
ontent of the membrane is low; hence, external humidi
ion from the reactant streams is necessary in order to pr
lectrolyte dehydration. The thickness of the polymer e

rolyte layer ranges from 50 to 250�m [29] and the mos
opular polymer electrolyte employed for PEM fuel cell
afion.
Each layer of the PEM fuel cell has a unique structur

hown inFig. 2. The anode and cathode reactants typic
nter the gas flow channels fully humidified. As a res

he water produced by the PEM fuel cell must be entra

Fig. 2. The nature of the
hus the reactant gases are consumed and, in the catho
lyst layer, liquid water is produced.

. Model input and output

The input and output parameters of the PEM fuel
odel are chosen with regard to an experimental investig

nto PEM fuel cell performance. The performance of a P
uel cell can be characterized by a voltage versus curren

hen testing a PEM fuel cell, several operating condit
an be altered, such as

the layers of a PEM fuel cell.
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• the inlet concentration, temperature, and flow rate of the
reactants;

• the cell temperature;
• the electrical load; and
• either the inlet or outlet pressure.

The temperature variation within the fuel cell is small.
Therefore, during operation, the temperature is measured at
one location within the cell and referred to as the cell tempera-
ture. This cell temperature is controlled by heating or cooling
the external surfaces of the PEM fuel cell. The electrical load
on the PEM fuel cell is specified by setting the voltage of the
PEM fuel cell or the current drawn from the cell. The inlet and
outlet pressures are related through the pressure drop in the
gas flow channels; hence, specifying both pressures as input
conditions is redundant. If the PEM fuel cell is not pressur-
ized, then the gas flow channels exhaust to the atmosphere;
thus the outlet pressure is specified. During pressurized op-
eration, the inlet pressure is generally specified and regulated
with a back-pressure control valve that is located at the outlet
of the gas flow channels.

Therefore, one set of input parameters are the operating
conditions, and these become the external boundary condi-
tions for the PEM fuel cell model. The location of the external
boundary, for a two-dimensional geometry, is shown as the
dark, solid line inFig. 3. The PEM fuel cell inFig. 3 has a
thickness ofYL and a height ofXL. The interfaces between
the various layers of the PEM fuel cell are also shown in
the figure. The bipolar plate/gas flow channel, gas flow chan-
nel/electrode backing layer, electrode backing layer/catalyst
layer, and catalyst layer/polymer electrolyte layer interfaces
in the anode side of the PEM fuel cell are denoted byYa

bp/fc,
Ya

fc/eb, Y
a
eb/cl, andYa

cl/e, respectively. Similar notation is used
to denote the interfaces on the cathode side, except that the
superscript “a” is replaced by “c”.

The external boundary conditions can be classified into
three groups: thex surfaces excluding the gas flow channels
(i.e., 0≤ y ≤ Ya

bp/fc, Ya
fc/eb ≤ y ≤ Yc

fc/eb, andYc
bp/fc ≤ y ≤

YL); they surfaces; and thex surfaces of the gas flow chan-

Fig. 3. The boundaries where the boundary conditions for the PEM fuel cell
model are imposed. The dark solid line denotes the external boundary, while
the dashed line is the location of the internal boundary.

nels (i.e.,Ya
bp/fc < y < Ya

fc/eb andYc
fc/eb < y < Yc

bp/fc). The
xsurfaces, excluding the gas flow channels, are considered as
solid, insulated walls. Therefore, the velocity, heat transfer,
and species flux are zero:




uk = 0
J α
k · ı̂ = 0

Js · ı̂ = 0
qk · ı̂ = 0,


 for




0 ≤ y ≤ Ya
bp/fc

Ya
fc/eb ≤ y ≤ Yc

fc/eb
Yc

bp/fc ≤ y ≤ YL

x = 0, XL




whereuk is the velocity of phasek, Jαk the diffusive flux of
speciesα in phasek, Js the current density in the solid phase,
andqk the heat flux due to conduction and species diffusion.
The unit vector in thex-direction is expressed ası̂. The bound-
ary condition on the heat flux is an approximation, since the
x surfaces of a single PEM fuel cell are generally exposed
to the ambient environment. However, the aspect ratio of the
cell,YL/XL, is generally much less than 1. Additionally, the
temperature of a single PEM fuel cell is controlled by heat-
ing or cooling they surface of the bipolar plate. Therefore,
the heat lost or gained from thex surfaces can be considered
negligible, compared to the heat transfer at they surfaces of
the bipolar plates.

Since they surfaces are heated or cooled, boundary con-
ditions on the heat flux must be specified. The heat transfer
a sur-
f heat
t

w
t nt.

E

w
c tial
i the
e ntial
c ed by
e The
r t the
o

E

w e
i m-
p

t the bipolar plates can be specified as either a fixed
ace temperature, a specified heat flux, or a convective
ransfer condition:

Ts = specified
qs = specified

qs · ̂ ± h(Ts − T∞) = 0


 for

{
0 ≤ x ≤ XL
y = 0, YL

}

hereT∞ is the ambient air temperature,̂ the unit vector in
heydirection, andh the convective heat transfer coefficie

The cell voltage can be expressed as

= Erev − ηcell, (4)

here Erev is the reversible cell potential andηcell the
ell voltage loss, or overpotential. The cell overpoten
ncludes the activation overpotential associated with
lectro-chemical reactions, the concentration overpote
aused by mass transport, and the ohmic losses incurr
lectron and proton transport within the PEM fuel cell.
eversible cell potential can be found by assuming tha
verall fuel cell reaction is in equilibrium:

rev = .Ĝ

2F
− .Ŝ

2F
(T − Tref)

+ RT

2F
ln

[(
PH2

Pref

)(
PO2

Pref

)1/2
]
, (5)

here.Ĝ is the change in Gibbs energy and.Ŝ the chang
n entropy for the overall fuel cell reaction. The inlet te
erature and pressure of the reactants are denoted byT and
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P, respectively; the universal gas constant and the Faraday
constant are given asR andF, respectively. The subscript
“ref” denotes a reference value. Using the standard values for
.Ĝ and.Ŝ, the reversible cell potential can be calculated as

Er = 1.229− 0.85× 10−3(T − 298.15)

+ 4.31× 10−5T ln[(P̄H2)(P̄O2)1/2],

whereT is in K andP is in atmospheres.
The absolute value of the potential in the solid phase is ar-

bitrary, and depends on the choice of reference electrode[32].
In this model, the reference electrode is chosen to consist of
the solid phase at the open circuit conditions. Therefore, the
difference between the potentials on the anode and cathode
bipolar plates becomes the cell overpotential[33]. Assum-
ing that the potential on the surface of the bipolar plates is
constant, the boundary conditions for the cell potential are

Φs|y=0 = ηcell, Φs|y=YL
= 0, (6)

where cathode potential,Φs|y=YL
, is arbitrarily defined as

zero. Hence, in the PEM fuel cell mathematical model, the
cell voltage is calculated by specifying the overpotential. In
this approach, the electric double layers in the electrolyte near
the two catalyst layers have been neglected. The double lay-
ers provide the driving potential needed for proton transport
t rall
o

e one
i side,
w osite
s ent.
A era-
t iquid
p



w of
s

ed at
e cell
e fied a
t em-
p flow
c be-
c tions
c

{

whereX∞ is the extension of the gas flow channels that re-
sults in fully developed flow.

The external boundary conditions coincide with the oper-
ating conditions of a PEM fuel cell. However, internal bound-
ary conditions, shown as the dashed line inFig. 3, are also
required, due to phase discontinuities. The H3O+ ions are
only present in the polymer electrolyte and catalyst layers;
hence a no-flux boundary condition must be applied at the
electrode backing/catalyst layer interfaces:

WH3O+
e · ̂ = 0 for y = Ya

eb/cl andYc
eb/cl,

whereW
H3O+
e is the mass flux of hydronium ions. Likewise,

electrons cannot be transported in the polymer electrolyte
layer; hence a no-flux boundary condition is also necessary
at the catalyst layer/polymer electrolyte membrane layer in-
terfaces:

Js · ̂ = 0 for y = Ya
cl/e andYc

cl/e.

Since the bipolar plate is impermeable, the fluid phases dis-
appear at the bipolar plate/gas flow channel interface. There-
fore, the appropriate boundary conditions are the no-slip and
no-temperature jump conditions:

{

ufac-
t he
m n pa-
r all di-
m ayer.
T the
h cell.
F per-
m ature
o be-
h f the
v lyst
l o the
d phys-
i h as
d

ass,
m , and
s city,
p ofiles
w ers.
F d the
c sig-
n ating
e tities
w e
t ut of
hrough the electrolyte, but do not contribute to the ove
verpotential.

The anode and cathode gas flow channels each hav
nlet and one outlet. The inlets can be either on the same
hich is referred to as a co-flow arrangement, or on opp
ides, which is referred to as a counter-flow arrangem
t the inlet, the velocity, species mass fractions, temp

ures, and volume fractions are specified for the gas and l
hases:

uk
ωα
k

Tk
εk


 = specified for




the inlet
Ya

bp/fc < y < Ya
fc/eb

Yc
fc/eb < y < Yc

bp/fc


 ,

hereεk is the volume fraction and the mass fraction
peciesα within phasek is denoted byωα

k .
As mentioned previously, the pressure can be specifi

ither the inlet or the outlet; here, it is assumed that the
xhausts to the atmosphere and the pressure is speci
he outlet. The profiles of velocity, mass fraction, and t
erature are not known at the outlet; however, if the gas
hannels are extended beyond the PEM fuel cell, the flow
omes fully developed. Thus, the outlet boundary condi
an be expressed as

P = specified
∂
∂x

∣∣
x=XL+X∞ = 0

}
for




the outlet
Ya

bp/fc < y < Ya
fc/eb

Yc
fc/eb < y < Yc

bp/fc


 ,
t

uk = 0
Tg = Tl = Ts

}
for y = Ya

bp/fc andYc
bp/fc.

The performance can also be influenced by the man
ure of the PEM fuel cell; this effect is included within t
odel by input parameters that are referred to as desig

ameters. These include such parameters as the over
ensions of the PEM fuel cell and the thickness of each l
he choice of materials for the bipolar plates influences
eat transfer and electrical conductivity properties of the
or the porous electrode backing layer, the porosity and
eability are important input parameters, as well as the n
f the pores: the degree of hydrophobic and hydrophilic
avior influences the capillary pressure. The fraction o
oid space occupied by polymer electrolyte in the cata
ayer is also an important design parameter. In addition t
esign parameters, the model requires values for the

cal properties of the reactant gas and liquid water, suc
ensity, viscosity, diffusivity, and thermal conductivity.

The mathematical model analyzes the transport of m
omentum, species, and energy within the gas, liquid

olid phases of the PEM fuel cell. Therefore, the velo
ressure, concentration, potential, and temperature pr
ithin the PEM fuel cell are the model output paramet
rom these profiles, the mass flux of each species an
urrent density can be determined. This information is
ificant because, due to the small geometry and oper
nvironment, direct in situ measurement of these quan
ithin a PEM fuel cell is difficult, if not impossible. Sinc

he cell voltage is an input parameter, the current outp
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the PEM fuel cell is determined with

I =
∫
Abp

Js · ̂ dA, (7)

whereAbp is the surface area of the bipolar plate andJs the
current density, which changes over the active cell surface.

Therefore, the mathematical model has two inputs: the
operating conditions and the design parameters. The operat-
ing conditions correspond to the independent variables during
the experimental investigation of a PEM fuel cell. The design
parameters depend on the manufacture of the PEM fuel cell.
Profiles of velocity, pressure, concentration, potential, and
temperature are determined by the model as output parame-
ters. Since the cell voltage is specified as an input parameter,
the performance of the PEM fuel cell is quantified by the
corresponding cell current, or current density distribution.

4. Formulation

Three phases co-exist within the PEM fuel cell: gas, liquid,
and solid. The conservation of mass, momentum, species, and
energy within the phases are expressed with[34]

∂ρk + ∇ · (ρkuk) = 0, (8)

w ass,
m script
k as,
l )
a ase
r eing
r

u

m
g ed
t quid
p
i
w e
m y
t both
n ssed
a
q and

species diffusion. The enthalpy of the phase does not include
any contribution from charged species; hence

Hk =
∑
α�=α±

ωα
kH

α
k , (12)

whereHα
k is the enthalpy of speciesα in phasek andα±

represents a charged species. If the polymer electrolyte is
free of contaminants, then the only charged species are the
H3O+ ions in the liquid phase of the polymer electrolyte. The
energy of a charged species is potential-dependent; therefore,
it is represented by theEα±

k term in the conservation of energy
equation:

Eα±
k = −Wα±

k · ∇Hα±
k . (13)

Using the Gibbs equation, the enthalpy of a charged species
can be expressed in terms of the electro-chemical energy
(µ̂α±

k ) and the partial molar entropy (Ŝα
±

k ) [32]:

Ĥα±
k = µ̂α±

k + TkŜ
α±
k (14)

The electro-chemical energy can be expressed as

∇µ̂α±
k = RTk∇ ln aα

±
k + zα± F ∇Φk, (15)

wherezα± is the charge andaα
±

k is the activity[35]:

a

T e
d d
a ution,
t the
c

E

F s and
o
r

t flux
d s

τ

−

q

I se
a se
i ous
∂t

∂

∂t
(ρkuk) + ∇ · (ρkukuk) + ∇Pk − ∇ · τk − ρkg − b = 0,

(9)

∂

∂t
(ρkω

α
k ) + ∇ · (ρkω

α
kuk + J α

k ) = 0, (10)

∂

∂t
(ρkHk) + ∇ · (ρkHkuk) = −∇ · qk + Eα±

k , (11)

hereEqs. (8)–(11)are the conservation equations for m
omentum, species, and energy, respectively. The sub
denotes the phase, withk = g, l and s representing the g

iquid, and solid phases, respectively. AlthoughEqs. (8)–(11
pply to all three phases, the immobility of the solid ph
esults in only the conservation of species and energy b
elevant to the solid phase.

The density and velocity of the phase are denoted byρk and
k, respectively. In the conservation of momentum,Eq. (9),
omentum change due to pressure (Pk), viscous stress (τk),
ravity (g), and a body force (b) are included. It is assum

hat no reactions take place within either the gas or li
hases; thus, the conservation of speciesα within phasek

s represented byEq. (10). The mass fraction of speciesα
ithin phasek is denoted byωα

k , while J α
k represents th

ass flux of speciesα due to molecular diffusion. Energ
ransfer due to pressure work and viscous dissipation are
eglected in the conservation of energy, which is expre
sEq. (11). The enthalpy of phasek is denoted byHk, and

k represents the transport of energy due to conduction
α
k = γαk x

α
k . (16)

he activity coefficient isγαk andxαk is the mole fraction. Th
efinition of activity given inEq. (16)is valid for both charge
nd uncharged species and for an ideal gas or a dilute sol

he activity coefficient is unity. Therefore, the energy of
harged species can be expressed as

α±
k = −Wα±

k

M̂α

· [RTk∇ ln aα
±

k + zα± F ∇Φk + ∇(TkŜ
α±
k )].

(17)

or the solid phase, the charged species are electron
nly the potential gradient term is relevant; thusEq. (17)
epresents Joule heating in the solid phase.

The viscous stress, diffusional mass flux, and the hea
ue to conduction and species diffusion are expressed a[34]

k = µk[∇uk + (∇uk)
†], (18)

cαk∇ ln aαk − zαc
α
kF

RTk∇Φk

=
∑
β �=α

M̂k

M̂αM̂βDα−β,k

(ωβ

kJ
α
k − ωα

kJ
β

k ), (19)

k = −λk∇Tk +
∑
α

Hα
k J

α
k . (20)

n the expression for viscous stress,† represents the transpo
ndµk is the viscosity of phasek; it is assumed that each pha

s a Newtonian fluid and that the dilation effect on the visc
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stress tensor is negligible. The Generalized Stefan–Maxwell
equations are used to describe the diffusive mass flux, with the
temperature and pressure effects neglected. Since electrons
are the only mobile species in the solid phase, the general-
ized Stefan–Maxwell equation reduces to Ohm’s law in the
solid phase. The molar concentration iscαk and the molecular
weights of the phase and species are denoted byM̂k andM̂α,
respectively. InEq. (20), λk is the thermal conductivity.

The transfer of mass, momentum, species, and energy
from adjacent phases is absent from the conservation equa-
tions presented inEqs. (8)–(11). In order to account for these
processes, the conservation equations must be integrated over
a representative volume:

〈conservation equation〉

= 1

Vr

∫
Vr

(conservation equation) dV, (21)

whereVr is the representative volume. Using the transport
and averaging theorems[36], the volume-averaged conserva-
tion equations can be expressed in terms of volume-averaged
quantities, such as density and velocity, and interfacial source
terms. For quantities such as density and velocity, the phase-
volume, or intrinsic, average is defined as

〈
 〉∗ = 1
∫


 dV, (22)

w e
v ty
o
t

w -
s

ase,
g
p edia
fl od-
e ll by
W the
c

∂

∂t
(εk〈ρk〉∗〈Hk〉∗) + ∇ · (εk〈ρk〉∗〈Hk〉∗〈uk〉∗)

= −∇ · (εk〈qk〉∗) + εk〈Eα±
k 〉∗ + ΓE,k, (27)

whereΓ represents the interfacial source terms. The volume-
averaged form of the energy of the charged species,〈Eα±

k 〉∗,
is assumed to be the same asEq. (17), except that the bulk
values are replaced by volume-averaged values. The volume-
averaged forms of the viscous stress tensor (〈τk〉∗) and heat
flux (〈q〉∗k) are

〈τk〉∗ = µeff
k [∇〈uk〉∗ + (∇〈uk〉∗)†], (28)

〈q〉∗k = −λeff
k ∇〈Tk〉∗ +

∑
α

〈Hα
k 〉∗〈J α

k 〉∗, (29)

where the effective viscosity and thermal conductivity are
denoted byµeff

k andλeff
s , respectively. The effective values

of viscosity and thermal conductivity depend on the nature
of the multiphase flow; however, they have the general form
of [40]


eff
k = (1 + L


k )
k + 
̆k, (30)

whereL

k is the correction for the porous media structure and


̆k the correction for dispersion and hydrodynamic effects.
Because of the small pore diameters, especially within the
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hereVk is the volume of phasek within the representativ
olume and
k is a quantity within phasek, such as densi
r velocity. The phase-volume average ofEq. (22)and the

otal-volume average ofEq. (21)are related with

〈
k〉
〈
k〉∗ = Vk

Vr
= εk, (23)

hereεk is the volume fraction of phasekwithin the repre
entative volume.

The general, volume-averaging procedure for two-ph
as/liquid flows is described by Ishii[37], while Slattery[38]
resents the volume-averaging procedure for porous m
ows. Additionally, volume-averaging is applied to the m
ling of batteries and the porous region of a PEM fuel ce
ang et al.[39]. After the volume-averaging procedure,

onservation equations become

∂

∂t
(εk〈ρk〉∗) + ∇ · (εk〈ρk〉∗〈uk〉∗) = ΓM,k, (24)

∂

∂t
(εk〈ρk〉∗〈uk〉∗) + ∇ · (εk〈ρk〉∗〈uk〉∗〈uk〉∗)

+ ∇(εk〈Pk〉∗) − 〈Pk〉∗∇(εk) − ∇ · (εk〈τk〉∗)

− εk〈ρk〉∗g − εk〈b〉∗ = ΓF,k, (25)

∂

∂t
(εk〈ρk〉∗〈ωα

k 〉∗) + ∇ · (εk〈ρk〉∗〈ωα
k 〉∗〈uk〉∗

+ εk〈J α
k 〉∗) = Γ α

S,k, (26)
olymer electrolyte, molecular interactions between spe
n the fluid phases and the solid phase can be signifi
hese interactions can be incorporated within the diffusi
ass flux term by considering the solid phase as a d

ng species with a velocity of zero[41]. Thus, the volume
veraged form of the generalized Stefan–Maxwell equa
ecome

〈cαk 〉∗∇ ln 〈aαk 〉∗ − zα〈cαk 〉∗F

R〈Tk〉∗ ∇〈Φe〉∗

=
∑
β �=α

M̂k

M̂αM̂βD
eff
α−β,k

(〈ωβ

k 〉
∗〈Wα

k 〉∗ − 〈ωα
k 〉∗〈Wβ

k 〉
∗
)

+ 〈Wα
k 〉∗

M̂αD
eff
α−s,k

, (31)

hereWα
k is the total mass flux of speciesαandDeff

α−s,k repre-
ents the interactions between the solid phase and the s
ithin the fluid phases. In regions of the PEM fuel cell wh

he solid phase does not exist, or does not have an app
le effect on species mass flux,Deff

α−s,k → ∞ andEq. (31)
educes to the standard Stefan–Maxwell equation:Eq. (19).
n equation for the diffusive mass flux can be obtained

nvertingEq. (31):

J α
k 〉∗ = −〈ρk〉∗Υα

k D
eff
α,k∇〈ωα

k 〉∗ − M̂ακ
eff
α,k

zαF
∇〈Φe〉∗

+ 〈ωα
k 〉∗Deff

α,k

(1 − 〈xαk 〉∗)

∑
β �=α

[
〈ρk〉∗Υα

k M̂k∇〈ωβ

k 〉
∗

M̂β



J.J. Baschuk and X. Li / Journal of Power Sources 142 (2004) 134–153 143

+ M̂k〈J β

k 〉∗

M̂βD
eff
α−β,k

]
+ 〈ωα

k 〉∗〈ρk〉∗〈uk〉∗

×

 Deff

α,k

(1 − 〈xαk 〉∗)

∑
β �=α

〈xβk 〉
∗

Deff
α−β,k

− 1


 , (32)

whereDeff
α,k is the overall diffusion coefficient of speciesα in

phasek andκeff
α,k is the electrical conductivity for speciesα.

These terms, as well asΥα
k , are defined as

1 − 〈xαk 〉∗
Deff
α,k

=
∑
β �=α

〈xβk 〉
∗

Deff
α−β,k

+ 1

Deff
α−s,k

, (33)

κeff
α,k = (zα)2〈cαk 〉∗F Deff

α,k

R〈Tk〉∗(1 − 〈xαk 〉∗)
, (34)

Υα
k = 1 + ∂ ln 〈γαk 〉∗

∂ ln 〈xαk 〉∗
. (35)

Mathematically, the interfacial source terms inEqs. (24)–
(27)are expressed as

ΓM,k = −
∑
n

1

Vr

∫
Akn

ρk(uk − ukn) · nkn dA, (36)
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Eqs. (24) and (27)represent the conservation of mass,
momentum, species, and energy in the gas, liquid and solid
phases of the PEM fuel cell. In order to solve these equations,
constitutive equations are required for several parameters.
Some constitutive equations apply throughout the PEM fuel
cell; these are equations relating the temperatures of the fluid
phases, the concentration of water in the gas phase, and the
interfacial source term between the fluid and solid phases
in the conservation of momentum equation. Local thermal
equilibrium is assumed between the gas and liquid phases;
therefore, the temperatures are equal:

〈Tl〉∗ = 〈Tg〉∗. (41)

Also, if the liquid phase is present, the partial pressure of
water within the gas phase is equal to the vapor pressure in
the water; therefore,

〈xH2O
g 〉∗ = P

H2O
sat

〈Pg〉∗ . (42)

The momentum interfacial source term between the fluid and
solid phases can be modeled with the Darcy-Forchheimer
terms[42]:

Γ
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F,k = −
∑
n

1

Vr

∫
Akn

ρkuk(uk − ukn) · nkn dA

−
∑
n

1

Vr

∫
Akn

P̃knkn dA −
∑
n

1

Vr

∫
Akn

τk · nkn dA,

(37)

α
S,k = −

∑
n

1

Vr

∫
Akn

ρkω
α
k (uk − ukn) · nkn dA, (38)

E,k = −
∑
n

1

Vr

∫
Akn

ρkHk(uk − ukn) · nkn dA

−
∑
n

1

Vr

∫
Akn

qk · nkn dA, (39)

here
∑

n represents the summation over all adjacen
hases,Akn the interfacial area of phaseskandn, andukn the
elocity of the interface ofk andnwithin the representativ
olume. The pressure deviation,P̃k, is given by[36]

˜
k = Pk − 〈Pk〉∗. (40)

hysically,ΓM,k represents the mass entering phasek from
ll adjacent phases. The momentum transfer from the
ent phases to phasek due to mass transfer, pressure,
iscous forces is represented byΓF,k. Species transfer fro
ther phases is expressed asΓ α

S,k, whileΓE,k is the interfacia
nergy transfer due to mass transfer and molecular co

ion.
M,k = −
Kkrk

〈uk〉 − √
Kkrk

|〈uk〉 |〈uk〉 , (43)

hereK is the absolute permeability of the porous me
rk the relative permeability, andF the Forchheimer term.
o solid phase exists, thenK = ∞ andF = 0. The absolut
ermeability and the Forchheimer term depend on the s

ure of the porous media, while the relative permeabilities
unctions ofεk. TheF term is not expected to be significa
n the polymer electrolyte, due to the low fluid velociti
owever, it will be significant in the electrode backing la

n the region adjacent to the gas flow channels[42].
The form for most of the constitutive equations requ

or closure ofEqs. (24)–(27)are location-specific, with di
erent forms being required in the polymer electrolyte la
lectrode backing layer, gas flow channel, and catalyst l
pecifically, expressions for the

Volume fraction;
Body forces;
Pressure difference between the phases;
Reaction kinetics and corresponding interfacial so
term for the conservation of species equation; and
Interfacial source term for the energy equation

re required. However, not all of the above-mentioned pa
ters are required in each layer. The body force is only
ificant in the polymer electrolyte and catalyst layers, w
nly a relationship between the gas and liquid pressur
equired within the gas flow channels. The relevant cons
ive equations for each layer are examined in the follow
ections.
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4.1. Formulation for the polymer electrolyte

The gas, water, and proton transport properties of the poly-
mer electrolyte are functions of the membrane water content
(L), which is defined as

L = moles of liquid water

moles of SO3H
. (44)

As the electrolyte absorbs more water, the value ofL in-
creases. The transport of water and ions in the electrolyte
can only occur if the water content is above a minimum level
(Lmin) [5]. Hence, the percolation model should be applied
to the effective diffusion coefficients within the electrolyte
[9], wherebyDeff

α−β,; = 0 if L < Lmin.
The volume fraction of the membrane available for water

and proton transport becomes[9]

εl = L

(V̂s/V̂H2O) + L
, (45)

where V̂s is the partial molar volume of the polymer and
V̂H2O the partial molar volume of liquid water. The perme-
ability of the electrolyte to both gas and liquid increases as
the water content increases[31]; this implies that the relative
permeability and the volume fraction of the gas phase are
proportional to the membrane water content:
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Fig. 4. Cylindrical pore having (a) hydrophilic and (b) hydrophobic charac-
teristics.

Using a mass balance, the mole fractions of hydronium and
liquid water in the pores of the electrolyte become a function
of the membrane hydration[9]:

〈xH3O+
l 〉∗ = 1

L


 (1 + L) −

√
(1 + Le)2 − 4L(1 − K

−1
e )

2(1− K
−1
e )


 ,

(49)

whereKe is the equilibrium constant for reaction(48).
The small pore size makes the assumption of local ther-

modynamic equilibrium between the solid and fluid phases
within the polymer electrolyte layer reasonable. Therefore,
within the polymer electrolyte layer,

〈Tg〉∗ = 〈Tl〉∗ = 〈Ts〉∗. (50)

4.2. Formulation for the electrode backing layer

In the electrode backing layer, the volume fraction of the
solid phase is a design parameter. Therefore, it is convenient
to define the saturation of the gas or liquid phase as

sk = εk

φ
, (51)

where the void fraction (φ) is the volume available to the fluid
p
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rk = ζkL, εg = ζεL,

here the constant of proportionality is expressed asζ. The
ercolation model should also be applied to the relative
eability of the liquid water; hence,kr; = 0 if L < Lmin.
An electrical potential gradient exists within the polym

lectrolyte, and this gradient exerts a body force on the
er/hydronium ion mixture. Therefore, within the liquid ph
f the polymer electrolyte, the body force is defined as[7]

bl〉∗ = −〈cH3O+
l 〉∗F ∇〈Φe〉∗, (46)

herecH3O+
l is the molar concentration of H3O+ in the liquid

hase andΦe the potential in the polymer electrolyte. T
ody force ofEq. (46)is responsible for the electro-osmo
rag effect in the polymer electrolyte.

The relationship between the pressures in the gas an
id phases are unknown; due to the small geometry o
ores, direct measurement is impossible. However, sinc
rea in which the gas transport occurs is flexible, it wil
ssumed that the pressures in the gas and liquid phas
qual. Hence

Pg〉∗ = 〈Pl〉∗. (47)

The concentrations of H3O+ and liquid water are relate
hrough the acid–base equilibrium reaction occurring w
he electrolyte pores[9]:

O3H + H2O � H3O+ + SO3
−. (48)
e

hases, withφ = 1 − εs.
The pressures in the gas and liquid phases are relate

he capillary pressure:

c = 〈Pg〉∗ − 〈Pl〉∗. (52)

oth the relative permeability (krk) and the capillary pressu
re a function of the liquid saturation in the porous medi
cylindrical pore, the difference between the gas and li
ressure is a function of the surface tension, contact a
nd pore radius[43]:

c = 2σ cosθc

r
, (53)

hereσ is the surface tension between the gas and li
hases,θc is the contact angle, andr is the pore radius. If th
ore material is hydrophilic, the contact angle is less than◦
ndPc is positive; hydrophobic materials have a negativPc
nd the water contact angle is greater than 90◦, as illustrated

n Fig. 4.
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A porous media can be considered to be composed of a
large distribution of pores with different dimensions, with
the water content of each pore depending on the applied
capillary pressure. The variation of capillary pressure with
water content in porous media is illustrated inFig. 5. For
hydrophilic porous media, the capillary pressure is always
positive, as shown inFig. 5(a), while Fig. 5(b) illustrates
that hydrophobic porous media are characterized by negative
capillary pressures. Mixed-wettability porous media, shown
in Fig. 5(c), can exhibit both positive and negative capillary
pressures[44].

All three capillary pressure curves have two similar fea-
tures. The first is the existence of hysteresis, with different
curves being produced if water is entering (wetting) or leav-
ing (drying) the porous media; thus the capillary pressure
depends on both liquid saturation and history. The hysteresis
is due to the difference in contact angle for advancing and
receding water[45].

The second common feature between the two capillary
pressure curves is that the capillary pressure asymptotically
approaches infinity at a finite, minimum value of saturation,
and approaches negative infinity for a maximum value of wa-
ter saturation. This can be interpreted as there being a residual
saturation of water,slr , and a residual saturation of gas,sgr,
in the porous media. The residual saturation represents the
s as a
b n the
t ive–
d the
l

Attempts have been made to correlate capillary pressure
curves, with a comprehensive representation being[46]

PNW − PW = 2Zσ cos(θcW)

√
ε

K
L(seff

W ), (54)

wherePNW andPW are the pressures of the non-wetting and
wetting fluids, respectively,Z is a correction factor to account
for the change in contact angle due to roughness,θcW is the
intrinsic contact angle of the wetting fluid to the solid, and
L(seff

W ) is a function of the effective saturation of the wetting
fluid. The effective saturation is defined as

seff
W = sW − sWr

1 − sNWr − sWr
, (55)

wheresNWr andsWr are the residual saturations of the non-
wetting and wetting fluids, respectively. Therefore, if one
capillary pressure curve is available, it can be applied to dif-
ferent porous media, using corrections for the porosity, per-
meability and roughness. However, the functionL is not fully
universal, and depends on several other parameters, such as
pore structure.

Predictive models for the relative permeability were
developed from conceptual models of flow in capillary tubes
combined with models of pore-size distribution[47]. The
common conceptual models are the Burdine and Mualem
f eral
p sim-
p

k

F rophili e
h

aturation at which the fluid loses the capability to move
ulk phase in response to a hydraulic gradient, resulting i
ransport of the residual fluid being dominated by advect
iffusive transport as a dispersed phase in the fluid with

arger volume fraction[46].

ig. 5. Variation of capillary pressure with liquid saturation for (a) hyd

ead difference is equal toPc/(ρlg), wherePc is the capillary pressure andg is the
unctions. In addition to the conceptual models, sev
orous media modeling studies have successfully used a
le power law relationship for the relative permeability[40]:

rg = (seff
g )n, krl = (seff

l )n. (56)

c, (b) hydrophobic, and (c) mixed-wettability porous media[44]. The pressur

acceleration due to gravity.
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The temperature of the solid and fluid phases may be un-
equal; thus, an expression for the interfacial heat transfer be-
tween the solid and fluid phases is required. One method is
to use a convective heat transfer coefficient[48]:

ΓE,k = hksÁks(〈Ts〉∗ − 〈Tk〉∗), (57)

wherehks is the convection coefficient and́Aks is the inter-
facial area per unit volume. Correlations for the convection
coefficient are available from the published literature[40].

4.3. Formulation for the gas flow channel

No solid phase exists in the gas flow channels; hence,
no interfacial source terms are required. Since the water is
assumed to be in suspended droplet form, the relationship
between the pressures can be expressed as

〈Pg〉∗ − 〈Pl〉∗ = −2σ

r
, (58)

whereσ is the surface tension andr is the characteristic radius
of the droplet.

4.4. Formulation for the catalyst layer

lec-
t pli-
c the
p are
c ata-
l ts of
c with

1. k = g referring to the gas phase in the void region;
2. k = l referring to the liquid phase in the void region;
3. k = g,e referring to the gas phase within the polymer

electrolyte;
4. k = l,e referring to the liquid phase within the polymer

electrolyte;
5. k = s referring to the carbon support and catalyst.

The conservation equations fork = g, l, and s are similar
to the corresponding equations in the electrode backing layer,
while thek = g,e and l, e cases are similar to the equations
in the polymer electrolyte layer. The volume fractions can be
expressed as

εg = φsg, εl = φsl, εg,e = φseε
e
g, εl,e = φseε

e
l ,

whereφ = 1 − εs andεe
g andεe

l are the volume fractions of
the electrolyte that contain gas and liquid phase, respectively.
The pressure relationship between the gas and liquid phases in
the void region are the same as in the electrode backing layer,
while the pressure in the polymer electrolyte is considered to
be the result of the gas and liquid phase pressures:

〈Pg,e〉∗ = 〈Pl,e〉∗ = sg

1 − se
〈Pg〉∗ + sl

1 − se
〈Pl〉∗. (59)

The water content of the polymer electrolyte is determined
b the
v

L

w is in
c e of

ture o
The catalyst layer is a porous media, similar to the e
rode backing layer; however, the structure is more com
ated due to the fact that polymer electrolyte exists within
ore region.Fig. 6 shows that the gas and liquid phases
ontained within two structures: the void region of the c
yst layer and the polymer electrolyte. Therefore, five se
onservation equations are applied in the catalyst layer,

Fig. 6. The struc
y the water content of the gas and liquid phases within
oid region of the catalyst layer:

= sgLg + slLl

1 − se
, (60)

hereLg andLl are the hydrations when the membrane
ontact with a gas or liquid phase, respectively. The valu

f the catalyst layer.
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Ll can be considered as a function of temperature only[49],
but the value ofLg is a function of both temperature and the
concentration of water vapor in the gas phase. The value of
Lg can be found using a Flory-Huggins model[50].

Electro-chemical and heterogeneous reactions occur on
the interface between the polymer electrolyte and the solid
phases in the catalyst layers. The interfacial source terms in
the conservation of species equation represent the rate of pro-
duction of each species; this rate of production is determined
by the reaction kinetics. In the anode catalyst layer, the fol-
lowing reactions are considered[6]:

1. Hydrogen adsorption, desorption and electro-oxidation;
2. Carbon monoxide adsorption, desorption and electro-

oxidation;
3. Heterogeneous oxidation of carbon monoxide by oxygen;
4. Heterogeneous oxidation of hydrogen by oxygen.

Hence, the reactions can be expressed as

H2 + 2M � 2(H–M), (61)

2(H–M) + 2H2O � 2M + 2H3O+ + 2e−, (62)

CO+ M � (CO–M), (63)

(CO–M) + 3H2O � M + CO2 + 2H3O+ + 2e−, (64)

O

(

(

w nd
e uir
a
a bon
m er
k
h xide,
a he
r

R

R

R

RCO
a,ox = JCO

0

2F



[
θCO

s

θ̄CO
s

][
c

H2O
l,e

c̄
H2O
l,e

]2

exp

(
ηa

BCO
a

)

−
[
θM

s

θ̄M
s

][
c

CO2
g,e

c̄
CO2
g,e

]
c

H3O+
l,e

c̄
H3O+
l,e




3

exp

(
− ηa

BCO
a

)
 ,

(71)

RO
a,ads= kO

ads{cO2
g,e(θ

M
s )2 − bO

ads(θ
O
s )2}, (72)

RH–O
a,ox = kH–O

ox {θO
s (θH

s )2 − bH–O
ox c

H2O
l,e (θM

s )3}, (73)

RCO–O
a,ox = kCO–O

ox {θO
s θ

CO
s − bCO–O

ox cCO2
g,e (θM

s )2}, (74)

wherekαi denotes the forward rate reaction constant,bαi de-
notes the ratio of backward to forward reaction rate constant,
andJα0 is the exchange current density. The fraction of the
platinum reaction sites in the solid phase covered by species
α is denoted byθαs , with θM

s = 1 − θH
s − θCO

s − θO
s represent-

ing the fraction of free reaction sites. The interface tempera-
ture is represented byTi and the concentrations are assumed
to be equivalent to the volume-averaged concentrations. An
overbar over the concentration or coverage, “¯”, represents
t zero.

ed as
η

η

w ox-
i
m , and
r ct of
l
I
t are
c

B

θ

P

P

P

U nd
p
a

P

2 + 2M � 2(O–M), (65)

CO–M) + (O–M) → CO2 + 2M, (66)

O–M) + 2(H–M) → H2O + 3M, (67)

here reactions(61) and (62)represent the adsorption a
lectro-oxidation of hydrogen, assumed to follow Langm
nd Butler–Volmer kinetics, respectively; reactions(63)
nd (64)are the adsorption and electro-oxidation of car
onoxide, assumed to follow Temkin and Butler–Volm

inetics, respectively; and reactions(65)–(67) denote the
eterogeneous oxidation of hydrogen and carbon mono
ssumed to follow Langmuir–Hinshelwood kinetics. T
eaction rates, in units of mole m−2 s−1, are

H
a,ads= kH

ads(c
H2
g,e(θ

M
s )2 − bH

ads(θ
H
s )2), (68)

H
a,ox = JH

0

F




[
θH

s

θ̄H
s

]

× exp

(
ηa

BH
a

)
−

[
θM

s

θ̄M
s

]
c

H3O+
l,e

c̄
H3O+
l,e


exp

(
− ηa

BH
a

)
 ,

(69)

CO
a,ads = kCO

ads

{
cCO

g,eθ
M
s exp

(
−βrθCO

s

RTi

)
− bCO

adsθ
CO
s

× exp

(
[1 − β]rθCO

s

RTi

)}
, (70)
he value at equilibrium, or when the reaction rates are
The overpotential of the anode catalyst layer is denot

a and is defined as[32]

a = Φs − Φe − U ′
a, (75)

here the value ofU ′
a is taken as zero. In the carbon mon

de adsorption/desorption reaction rate,Eq. (70), β is a sym-
etry factor that has a value between zero and one
is an interaction parameter that represents the effe

ateral-interaction on the adsorption/desorption process[51].
n Eqs.(69) and (71), Bα

a is the Tafel slope for speciesα;
he Tafel slopes for the forward and backward directions
onsidered equivalent, with

H
a = BCO

a = 2RTi

F
. (76)

The production of reaction intermediates (θH
s , θCO

s , and
O
s ) are assumed to be in steady state; thus,

˙ θ
H
s

a = 2RH
a,ads−RH

a,ox − 2RH–O
a,ox = 0, (77)

˙ θ
CO
s

a = RCO
a,ads−RCO

a,ox −RCO–O
a,ox = 0, (78)

˙ θ
O
s

a = 2RO
a,ads−RH–O

a,ox −RCO–O
a,ox = 0. (79)

sing Eqs. (77)–(79), the production of the reactants a
roducts can be expressed in terms ofRH

a,ox, R
CO
a,ox, R

H–O
a,ox

ndRCO–O
a,ox :

˙ H2
a = −1

2
RH

a,ox −RH–O
a,ox ,
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Ṗ
CO
a = −RCO

a,ox −RCO–O
a,ox ,

Ṗ
O2
a = −1

2
RH–O

a,ox − 1

2
RCO–O

a,ox ,

Ṗ
e−
a = RH

a,ox + 2RCO
a,ox, Ṗ

H3O+
a = RH

a,ox + 2RCO
a,ox,

Ṗ
H2O
a = −RH

a,ox − 3RCO
a,ox +RH–O

a,ox ,

Ṗ
CO2
a = RCO

a,ox +RCO–O
a,ox .

The major reaction occurring in the cathode catalyst layer
is oxygen reduction:

O2 + 4H3O+ + 4e− � 6H2O. (80)

The rate of reaction is governed by Volmer/Erdey-Gruz ki-
netics[52]:

RO2
c,red = J

O2
0

4F



[
c

O2
g,e

c̄
O2
g,e

]
c

H3O+
l,e

c̄
H3O+
l,e




4

exp

(
− ηc

B
O2
c

)

−
[
c

H2O
l,e

c̄
H2O
l,e

]6

exp

(
ηc

B
O2
c

)
 , (81)

whereJO2
0 is the exchange current density for oxygen reduc-

t

B

E em-
p lue
o

d be
t trans
p O is
p ant
a olyte
m How-
e a re-
s en is
i ction
a r as in
t each
s

P

P

P

in
t
t

Γ

Γ̂ α
S,k = ÁRṖ

α
, (84)

whereÁR is the reactive surface area per volume in the cata-
lyst layer. The units ofΓ α

S,k are kg m−3 s−1, while Γ̂ α
S,k is in

molar units of mole m−3 s−1.
The reactions occurring within the catalyst layers are

exothermic; thus, the heat of reaction,Qreact, is added to the
conservation of energy in the solid phase[48]:

Qreact= ÁRqreact, (85)

qreact = −
∑
α

[Ṗ
α
Ĥα
k + Ṗ

α
Ĥα

s ]

= qreact,ir + qreact,rev + qreact,het, (86)

whereqreact,ir andqreact,rev are the irreversible and reversible
heat produced by the electro-chemical reactions. The heat
produced by the heterogeneous chemical reactions is ex-
pressed asqreact,het. The irreversible heat production is a func-
tion of the overpotential:

qreact,ir =
{

F ηa[RH
a,ox + 2RCO

a,ox] anode,
−4F ηcR

O2
c,red cathode.

(87)

The reversible heat production is a function of the entropy
change of the electro-chemical reactions:

q

T

.

.

.

F on of
h

q

w

.

.

5

tions
f nergy
ion. The Tafel slope is denoted byBO2
c and is given by

O2
c = RT

F
. (82)

q. (82)results in a Tafel slope of 68 mV/decade at a t
erature of 70◦C, which agrees with the experimental va
f 70 mV/decade from Parthasarathy et al.[53].

Gases can dissolve into the polymer electrolyte an
ransported between the anode and cathode; however
ort of gases in the polymer electrolyte is slow. Since C
resent in only a ppm amount, it is unlikely that a signific
mount could be transported across the polymer electr
embrane layer and react in the cathode catalyst layer.

ver, cross-over of hydrogen could be possible and as
ult, the heterogeneous oxidation of hydrogen by oxyg
ncluded in the cathode catalyst layer. The chemical rea
nd reaction rate are represented in the same manne

he anode catalyst layer; hence, the net production of
pecies in the cathode catalyst layer is

˙ O2
c = −RO2

c,red − 1

2
RH–O

c,ox , Ṗ
H2
c = −RH–O

c,ox ,

˙ H2O
c = 6RO2

c,red +RH–O
c,ox ,

˙ H3O+
c = −4RO2

c,red, Ṗ
e−
c = −4RO2

c,red.

Using the reaction kinetics, the interfacial source term
he conservation of species equation is related to theṖ

α

erms through

α
S,k = ÁRM̂αṖ

α
, (83)
-

react,ir =
{

−Ti[RH
a,ox.Ŝ

H
R,ox +RCO

a,ox.Ŝ
CO
R,ox] anode,

−TiR
O2
c,red.Ŝ

O2
R,red cathode.

(88)

he change in entropy of the reactions,.ŜR, are

ŜH
R,ox = Ŝ

H3O+
l,e + Ŝe−

s − 1

2
ŜH2

g,e − Ŝ
H2O
l,e , (89)

ŜCO
R,ox = ŜCO2

g,e + 2ŜH3O+
l,e + 2Ŝe−

s − ŜCO
g,e − 3ŜH2O

l,e , (90)

Ŝ
O2
R,red = 6ŜH2O

l,e − ŜO2
g,e − 4ŜH3O+

l,e − 4Ŝe−
e . (91)

inally, the heat produced by the heterogeneous oxidati
ydrogen and carbon monoxide is expressed as

react,het =
{−RH–O

a,ox .Ĥ
H–O
R −RCO–O

a,ox .ĤCO–O
R anode,

−RH–O
c,ox .Ĥ

H–O
R cathode,

(92)

here the enthalpy changes are

ĤH–O
R = Ĥ

H2O
l,e − ĤH2

g,e − 1

2
ĤO2

g,e, (93)

ĤCO–O
R = ĤCO2

g,e − ĤCO
g,e − 1

2
ĤO2

g,e. (94)

. Final set of governing equations

The previous sections outlined the governing equa
or the conservation of mass, momentum, species and e
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in the gas and liquid phases, as well as the conservation of
species and energy in the solid phase. Because the gas and liq-
uid phases can be non-continuous, the fluid phases are com-
bined to form a pseudo-fluid, or mixture. Thus, the processes
occurring within the PEM fuel cell can be described by two
sets of equations, with one set applying to the pseudo-fluid
and the other set applying to the solid phase. The pseudo-fluid
equations apply fromYa

bp/fc ≤ y ≤ Yc
bp/fc, while the equa-

tions for the solid phase apply between 0≤ y ≤ Ya
cl/e and

Yc
cl/e ≤ y ≤ YL.

The properties of the pseudo-fluid are defined as

ρm = sg〈ρg〉∗ + sl〈ρl〉∗ + seε
e
g〈ρg,e〉∗ + seε

e
l 〈ρl,e〉∗, (95)

ρmum = sg〈ρg〉∗〈ug〉∗ + sl〈ρl〉∗〈ul〉∗ + seε
e
g〈ρg,e〉∗〈ug,e〉∗

+ seε
e
l 〈ρl,e〉∗〈ul,e〉∗, (96)

Pm = sg〈Pg〉∗ + sl〈Pl〉∗ + seε
e
g〈Pg,e〉∗ + seε

e
l 〈Pl,e〉∗, (97)

ρmω
α
m = sg〈ρg〉∗〈ωα

g〉∗ + sl〈ρl〉∗〈ωα
l 〉∗ + seε

e
g〈ρg,e〉∗〈ωα

g,e〉∗

+ seε
e
l 〈ρl,e〉∗〈ωα

l,e〉∗, (98)

ρmHm = sg〈ρg〉∗〈Hg〉∗ + sl〈ρl〉∗〈Hl〉∗ + seε
e
g〈ρg〉∗〈Hg〉∗

w s-
s ively.

on-
s n the
p

w -
i e
p

is equivalent to the potential in the liquid phase of the poly-
mer electrolyte (〈Φe〉∗). The mixture viscous stress, diffusion
coefficient, and thermal conductivity are given with

τm = µeff
m [∇um + (∇um)†], (104)

µeff
m =

∑
k

skµ
eff
k + seε

e
kµ

eff
k , (105)

Dα,m =
∑
k

skD
eff
α,k + seε

e
kΥ

α
k,eD

eff
α,k,e, (106)

λeff
m =

∑
k

skλ
eff
k + seε

e
kλ

eff
k,e, (107)

where the summation is over the gas and liquid phases.
The source term in the momentum equation,Smom,m, has

three components:

Smom,m = SPmom,m + S solid
mom,m + S rel

mom,m, (108)

SPmom,m =
∑
k

Pk∇(φsk) + Pk,e∇(φseε
e
k), (109)

Ssolid
mom,m = −φ2µeff

m

Km
um − φ3ρmFm√

Km
|um|um

∑[
(εk)2µk (εk,e)2µk,e

S

w ter-
f m
t orce,
a tive
p for
t

+ seε
e
l 〈ρl〉∗〈Hl〉∗, (99)

hereρm,um,Pm,ωα
m andHm are the density, velocity, pre

ure, mass fraction and enthalpy of the mixture, respect
Using the definitions of the mixture properties, the c

ervation of mass, momentum, species, and energy i
seudo-fluid can be expressed as

∂

∂t
(φρm) + ∇ · (φρmum) = 0, (100)

∂

∂t
(φρmum) + ∇ · (φρmumum)

= −∇(φPm) + φρmg + ∇ · (φτm) + Smom,m, (101)

∂
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(φρmω

α
m) + ∇ · (φρmω

α
mum)

= ∇ · (φρmD
eff
α,m∇ωα

m) + ∇ ·
(
φseε

e
kM̂ακ

eff
α,k,e

zαF
∇Φm

)

+Sspecies,m, (102)

∂

∂t
(φρmHm) + ∇ · (φρmHmum)

= ∇ · (φλeff
m ∇Tm) + Senergy,m, (103)

hereτm is the viscous stress,Deff
α,m is the effective diffusiv

ty of speciesα, andλeff
m is the thermal conductivity in th

seudo-fluid. InEq. (102), the potential in the mixture (Φm)
−
k

Kkrk
wk +

Kekrk,e
wk,e

+〈ρk〉∗(εk)3F√
Kkrk

|〈uk〉∗|wk + 〈ρk,e〉∗(εk,e)3Fe√
Kekrk,e

× |〈uk,e〉∗|wk,e

]
+ εl,ebl,e, (110)

rel
mom,m = ∇ ·

{
φ
∑
k

[skµ
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k (∇wk + (∇wk)

†)

+ seε
e
kµ

eff
k,e(∇wk,e + (∇wk,e)

†)]

}

−∇ ·
{
φ
∑
k

[sk〈ρk〉∗wkwk

+ seε
e
k〈ρk,e〉∗wk,ewk,e]

}
, (111)

hereSPmom,m represents momentum transfer due to in
acial pressure differences,Ssolid

mom,m represents momentu
ransfer due to the solid surface and the electrical body f
ndSrel

mom,m represents momentum transfer due to rela
hase motion. The permeability and Forchheimer term

he mixture are

µeff
m

Km
=

∑
k

(sk)2µk

Kkrk
+ (seεe

k)
2µk,e

Kekrk,e
, (112)
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ρmFm√
Km

=
∑
k

〈ρk〉∗(sk)3F |〈uk〉∗|√
Kkrk|um|

+ 〈ρk,e〉∗(seεe
k)

3Fe|〈uk,e〉∗|√
Kekrk,e|um| . (113)

The relative phase velocities,w, are defined as

wk = 〈uk〉∗ − um, (114)∑
k

sk〈ρk〉∗wk + seε
e
k〈ρk,e〉∗wk,e = 0. (115)

The source term for the conservation of species equation,
Sspecies,m, can also be decomposed into three components:

Sspecies,m = S react
species,m + S non-fick

species,m + S rel
species,m, (116)

S react
species,m =

∑
k

Γ α
S,k, (117)

S non-fick
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= −
∑
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∑ { 〈ωα〉∗Deff

)

S

w n of

s
t and
S rce
t otion

are continuous, the production and consumption of reactants
occurs only in the catalyst layers. Hence,Sreact

species,m is only
non-zero in the catalyst layers.

The source term in the conservation of energy equation,
Senergy,m, can be considered as the sum of four terms:

Senergy,m = S solid
energy,m + S H3O+

energy,m + S rel
energy,m

+S e
energy,m, (120)

S solid
energy,m = hmÁs(〈Ts〉∗ − Tm), (121)

S H3O+
energy,m = φseε

e
l 〈E±
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∗
, (122)
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S e
energy,m = − ∂
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(φseε

e
MρM,eCp,eTm), (124)

whereS solid
energy,m is the convective heat transfer between the

solid and the mixture,SH3O+
energy,m represents heat generation

due to H3O+ migration,Srel
energy,m is due to relative phase

motion, andSe
energy,m is the energy stored in the polymer
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rel
species,m = −

∑
k

∇ · [φsk〈ωα
k 〉∗〈ρk〉∗wk

+φseε
e
k〈ωα

k 〉∗〈ρk,e〉∗wk,e], (119)

hereSreact
species,m represents the production or consumptio

peciesα due to the electro-chemical reactions,Snon-fick
species,m are

he non-Fickian terms of the Stefan–Maxwell equations,
rel
species,m is due to relative phase motion. While the sou

erms due to the non-Fickian terms and relative phase m
ackbone of the polymer electrolyte. The volume fract
ensity, and specific heat of the polymer areεe

M , ρM,e, and
p,e, respectively. The surface area of the solid phase i
oted byÁs.

The source terms in the mixture conservation equa
re influenced by the relative phase velocities; expres

or w are required for closure. In order to develop exp
ions for the relative velocities, assumptions must be m
n the nature of the flow in each component of the PEM
ell. The flow in the gas flow channels is considered t
omogeneous; thus,wg = wl = 0. In the electrode backin

ayers, the flow of liquid water is expected to be small. He
he relative velocity of the liquid phase can be determine
ssuming that motion is governed by Darcy’s law:

l = − Kkrl

φslµl
∇ (〈Pl〉∗ − 〈ρl〉∗g

) − um. (125)

he relative velocity of the gas phase can be determined
he relationship ofEq. (115).

In a similar manner, the relative velocity of the liquid ph
n the polymer electrolyte layer can be determined by as
ng that the flow can be described by the Schlögl equation:

l,e = −Kekrl,e

εe
l µl,e

∇(〈Pl,e〉∗ − bl,e − 〈ρl〉∗g) − um. (126)

he relative velocity of the gas phase within the poly
lectrolyte can be calculated usingEq. (115).

The catalyst layer requires values forwl , wl,e andwg,e,
incewg can be calculated withEq. (115). The relative ve

ocity of the liquid in the catalyst layer void space can
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found withEq. (125), while wl,e is given byEq. (126). As-
suming that the flow velocity of the gas phase within the
polymer electrolyte is small, the relative velocity of the gas
phase within the polymer electrolyte is

wg,e = −Kekrg,e

εe
gµg,e

∇(〈Pg,e〉∗ − 〈ρg,e〉∗g) − um. (127)

For the solid phase, only the conservation of species and
energy are applicable. The flux of electrons is expressed in
terms of current density, using Faraday’s Law, and because
electrons are the only mobile species in the solid phase,
the Generalized Stefan–Maxwell equations reduce to Ohm’s
Law. Hence, the conservation of species and energy can be
simplified to

0 = −∇ · (εsκ
eff
s ∇〈Φs〉∗) + Sspecies,s, (128)

0 = ∇ · (εsλ
eff
s ∇〈Ts〉∗) + Senergy,s, (129)

whereSspecies,s andSenergy,s are source terms. The source
term in the conservation of species equation includes the con-
sumption or production of electrons, while the source term
for the conservation of energy equation includes the Joule
heating term, convective heat transfer from the mixture, and
the heat of the reaction:

Sspecies,s = F Γ̂ e−
, (130)

S
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c set,
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l t
t olid
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•
• cies

•

• re

tion
s ses,
o nc-
t ure
c anti-
t itera-

tion. The first step in the conversion between the mixture
and phase quantities is the determination of the liquid phase
saturation (sl ). This is accomplished by settingα = H2O
in the definition of the mixture mass fraction,Eq. (98). If
liquid water is present, the mass fraction of the water va-
por can be determined withEq. (42)and, if the electrolyte
phase is also present, the mass fraction of liquid water within
the electrolyte can be calculated by the acid-base equilib-
rium reaction. Sincesg + sl = 1, Eq. (98) can be solved
for sl .

Once the liquid saturation is determined, the mixture den-
sity can be calculated withEq. (95). Also, the pressure of
the gas and liquid phases can be determined with the mix-
ture pressure and the capillary pressure functions. With the
individual phase pressures andEqs. (125)–(127), the rela-
tive velocities of the gas and liquid phases can be calculated,
along with the actual velocities of the gas and liquid phases.
The mass fractions of each species within the gas and liquid
phases can be determined with the mixture mass fractions
andEq. (98). The temperatures of the gas and liquid phases
are assumed equal; hence, using equations of state and the
definition of the mixture enthalpy,Eq. (99), the temperature
of the gas and liquid phases can be found. Using the liquid
saturation, the relative velocities of each phase, and the in-
dividual phase values of pressure, temperature, and species
m hase
c w val-
u ass
f tem-
p

the
m ities,
a es-
s idual
p tion;
h l cur-
r

6

that
d s and
e rode
b odel
c ribed
t ithin
a mi-
g EM
f ions.
T de-
r

ded
s d ef-
f terms
d each
S,s

energy,s = εs
|Js|2
κeff

s
+ hmÁs(Tm − 〈Ts〉∗) + Qreact. (131)

he source term for the conservation of species equat
nly non-zero in the catalyst layers; the heat of reactio
lso non-zero in the catalyst layers.

Therefore, the processes occurring within a PEM fuel
an be modeled with two sets of equations. The first
qs. (100)–(103)describe the transport of mass, moment
pecies, and energy within a mixture consisting of the ga
iquid phases. The second set,Eqs. (128) and (129), represen
he migration of electrons and energy transport in the s
hase of the PEM fuel cell. If there areN uncharged specie
ithin the gas and liquid phases of the PEM fuel cell,

wo sets of equations will sum to a total ofN + 5 equations
hese equations can be solved for the

mixture velocity (um) and pressure (Pm),
N − 1 mixture mass fractions of the uncharged spe
(ωα

m),
potential in the solid phase (〈Φ〉∗s) and electrolyte (Φm),
and
mixture enthalpy (Hm) and solid phase temperatu
(〈Ts〉∗).

However, the source terms contained within the equa
ets are functions of quantities within the individual pha
r phase quantities. As well, the mixture density is a fu

ion of the liquid saturation. Thus, the solution of the mixt
onservation equations is iterative, and the mixture qu
ies must be converted into phase quantities at each
ass fractions, the source terms in the mixture and solid p
onservation equations can be evaluated. Therefore, ne
es of the mixture velocity, mixture pressure, mixture m

ractions, potentials, mixture enthalpy, and solid phase
erature can be evaluated.

After convergence of the iterative solution process,
ixture quantities can be converted into phase quant
llowing for the display and analysis of the velocity, pr
ure, mass fractions, and temperatures within the indiv
hases. The cell voltage is specified as in input condi
ence, the cell performance can be quantified by the cel
ent, which is calculated usingEq. (7).

. Conclusions

A mathematical, PEM fuel cell model was developed
escribed the conservation of mass, momentum, specie
nergy within the bipolar plates, gas flow channels, elect
acking, catalyst, and polymer electrolyte layers. The m
onsisted of two equation sets. The first equation set desc
he transport of mass, momentum, species, and energy w
mixture consisting of a gas and liquid phase. Electron
ration and energy transport in the solid phase of the P

uel cell were considered with the second set of equat
he governing equations for the mixture and solid were
ived using volume-averaging techniques.

The conservation equations for the mixture inclu
ource terms that represented fluid/solid interactions an
ects due to relative phase motions. Thus, the source
escribed the relevant phenomena that was significant in
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layer of the PEM fuel cell. Darcy-Forchheimer drag terms
were included in order to account for the effect of the dis-
persed solid phase on the momentum of the fluid phases
within the electrode backing, catalyst, and polymer elec-
trolyte layers. Electro-osmotic drag in the electrolyte was
incorporated with an electrical body force. Also, the con-
sumption and production of species within the catalyst layers
were included as a source term in the conservation of species
equation. The equation set for the solid phase also included
source terms, describing the production of electrons and the
generation of heat due to the electro-chemical and hetero-
geneous reactions. Heat can also be transferred between the
fluid and solid phases, through a source term representing
convective heat transfer.

The equation sets for the fluid and solid phases are in a
conservative form. Therefore, future work will involve ap-
plying methods from computational fluid dynamics (CFD)
to solve the equation sets.
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